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= Matrix multiplication (GEMM)

"Fault-tolerant high-performance matrix-matrix multiplication: theory and practice"
John A. Gunnels, Daniel S. Katz, Enrique S. Quintana, Robert van de Geijn
Int. Conference on Dependable Systems and Networks - DSN 2001

Provide a software layer for reliability in numerical libraries for
spaceborne missions

Jet Propulsion Laboratory
California Institute of Technology
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- Fault tolerance for GEMM, revisited
- Near-threshold voltage computing (NTVC) reduces power...

1000 ; = 800
132nm CMOS, 25°C
] - 700
500MHz
E L 600 E’
100 5 o
= ] L 500 =
S— r -U
== Q
o - 400 =
@ <
E— L 300 —
o 10 2
e L 200 =
3MHz L 100
2mw
1 L) . L] Ll Ll L] L) Ll u
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2
0.55 0.55 0.55 0.55 0.6 0.7 0.8 0.9 1 1.1 1.2

Logic Vecc / Memory Vecc (V)
at the cost of increasing error rates

WAPCO 2015 Amsterdam



v
Motivation H

UNIVERSITAT
JAUME-I

. Why GEMM?

- Many scientific and
engineering
computations can be
decomposed into a
reduced number of linear
algebra operations

- Most dense linear
algebra operations can
be cast in terms of
GEMM
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= High performance GEMM

« Fault tolerance (FT) vs approx. computing (AC)
« Embedding FT/AC in high performance GEMM
= Experimental results

= Concluding remarks
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« Commercial libraries for BLAS
intel) AMD Tt s

MKL ACML ESSL

= "Open” sw.: GotoBLAS, ATLAS, OpenBLAS, BLIS

AMD A10 Sandy Bridge E3

DGEMM (m = nn = 1000) DGEMM (rm = n = 1000)
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—=— ACML (5.3.0) —o- OpenBLAS (0.2.5)
—=— ATT.AS (3.11.8) | —=— ATLAS (3.10.1)
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' Coke ne
for jo. = 0,....n— 1 in steps of n.
for p. =0,....k— 1 in steps of k.
B(pe :pe+ ke —1,Je 1 je+1e—1) = B // Pack into B,
fori. =0,....,m —1 in steps of m.,
A(ig tieg+me — 1.pe i pe + ke — 1) — AL // Pack into A,
for 5. = 0,..., ne. — 1 in steps of n, // Macro-kernel
for i, =0,....,m, — 1 in steps of m,
for p = 0,...,k:s — 1 in steps of 1 // Micro-kernel
Celir 230 +me — 1,9y @ jr +1p — 1)
+= Ae(ir 1 ir + My — 1, pr)
Be(pr, jr @ Jr +nr — 1)
endfor
endfor
endfor
endfor
endfor

endfor
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Registers

e am
for jo = 0,....n—1 in steps of n.
for p. =0,....k—1 in steps of k.

e /b,
micro—kernel / micro—kernel| micro—kernel =z
B(pe : pe + ke — 1, jc : je +ne —1) = Be |
for i, =0,...,m —1 in steps of m, A
Afic tie+me — 1,pe i pe + ke — 1) = Ap 12eache / N A.| /Load trom
for j, =0,...,n. — 1 1n steps of n, | D micro-kernel
for i, =0,....m, — 1 in steps of m, — ——
for p, =0,... k. —11in steps of 1 Be
Celir tip +mp — 1, jp : jr + 10 — 1) el
+= Ar: (T*.r" Dl My — 1 P?} '_ | Pack A I'ul pukB
- Be ('Pr; jr : jr + Ny — 1) II'.I |';
endfor Memory | .\
endfor m /A
endfor
endfor
endfor

endfor
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« Consider € = A B, and the augmented matrices

A :(W)’ B*=(B|Bw), C :(UTC‘UTéUw):

In absence of error, then C* = A* B*.
Use left and right checksum vectors:

[@]loc

e

IC-w - A (B wl|e > 0 or
l-Cc - ('-4) B|lx > 0

“Algorithm-based fault tolerance for matrix operations”
K.-H. Huang and J. A. Abraham
IEEE Transactions on Computers, vol. 33, no. 6, pp. 518-528, 1984.
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= In practice, due to finite precision arithmetic, an

error IS detected If

IIglloo > 7 [[Alloe - [ Blloo
letlle > 7 | Alloo - [ Blloes

where 7 = max(m,n,k)-u for FT

"Fault-tolerant high-performance matrix-matrix multiplication: theory and practice"
John A. Gunnels, Daniel S. Katz, Enrique S. Quintana, Robert van de Geijn
Int. Conference on Dependable Systems and Networks - DSN 2001

or higher for AC!

WAPCO 2015
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« Overhead for full GEMM (detection only)

dlloc
le” floc

|IC-w — A-(B-w)|e
ol -C — (v A)- Bl

Amn + dmk + 5kn Amn + 5mk 4+ 5kn

Oi(m,n, k) = —

O.(m.,n, k) 2mnk

Has to be applied off-line
Requires a copy of the full matrix C
Correction is expensive: recompute the full product

WAPCO 2015

Amsterdam
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« Apply with smaller granularity

for jo. =0,....n—1 in steps of n.
for p. = 0,...,k—1 in steps of k.
B(pe :pe +ke —1,je: je +ne—1) = Be

fori. =0,..., m—11in th“pb of m,
At : 1,_1-|—m,_1—1p,_n Pe+ke—1) = Ae
for j, =0,...,n, —llnstepsnfnr
fori, =0,....m, — 1 in steps of m,
for p, = 5....&—1111 steps of 1

Celir 2 ir +mpr — 1, jr  Jr +1r — 1)
+= Ac(ir ip +mr — 1, pr)
’ Bfl:p?‘":j?‘ :ji" + Ny — 1)
endfor

endfor
endfor

Loop Required @, and O,

index workspace depend on
Ie m X Ne (m, 1, k)
Pe m X T, (m,n.. k)
ic Me X N (1M, Te, k)
I Me X Ny (me.n,.. k)
iy My % Ty (M, 1y, k)
k. My X Tl (.1, 1)

endfor
endfor
endfor

WAPCO 2015
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« Intel Xeon E5 (Sandy-Bridge): Macro-kernel
for jo. =0,....n—11in steps of ne
for p. = 0,...,k—1 in steps of k.
B(pe :pe+ke —1, o : Jf‘|‘”e_1) — B
fori. =0,..., m — 1 in steps of m.
Al : lf"'-l_ﬂlf"_]-pi' p. + k. —1) = A, .
for j, =0,...,n, — 1 in steps of n, Loop Required @, and O,
for i, =0,... .m{. — 1 in steps of m, index || workspace depend on
for pr=0,.. . ke —11in steps of 1 Je m X N (m, ne, k)
(_.-.gj-(f.i.« . E};l-l—r”l{* — 1. j] J'I'r -l— ”,'r." — ].Jl - — L. 71 k \JI
+= Aelir 1or +mr —1,pr) ic Me X N [mmnm c)
. Bf(Pr:jr D 4+ Ny — 1) = _
I Me X My (me.n,.. k)
endfor a
ondfor i My X Ty {1?11. T, k)
endfor r My X Ny (mr,nr, 1)

endfor
endfor \
endfor Workspace: 96 x 4,096 numbers
Overhead for error detection: 2.6%

WAPCO 2015 Amsterdam
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for jo = 0,...,n— 1 in steps of n. ldee = ||C-w — A-(B-w)|s
for p. = 0,...,k—1 in steps of k. HeT”oo _ H’UT-C _ (’L A) - B«
fB(PE Pe+ke—1,jc: Je‘|‘”e_? — B,
ori. =0,..., m—11n th‘pr Me . . . .
A, ze+me—1pc b Lk, 1) s A, withC =C.,,A=A.,B = B,
for j, =0,... ,n.—1 111 steps of n, (macro-kernel)
for i, = ,...,-Ir — 1 in steps of m,
for p, = V...k.;— 1 in steps of 1

Celir tip +mpy — 1, Jr  jr + 10 — 1)
+= Ac(ir 1 ir + mp — 1, pr)
. Bi‘[:pf‘;j?“ :j"r + Ny — 1)
endfor

endfor
endfor

endfor
endfor
endfor

WAPCO 2015 Amsterdam
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Regist ~Il Py -
/
C a, b
L1 cacl =
I ] f Load from I 1 £ e
kernel -o-kernel kernel
L2 |
N Ac Load fron
....... D | mierokernel
i=0
L3 cact \
\\\ BE'
J/J,
Pack A / Pack B
I T
Memory | \
C. Al . B
|| .
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Hgl\oo = HCT"w - A:-F(B-w)Hoo
le'lloe = " -C = (" -4) Bl

withC =C.,,A=A.,B = B,
(macro-kernel)
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« Left checksum: dz@c-w—Ac-Bc-w

for - =0,...,n — 1 in steps of n.. J. = Je : Je + 12 — 1
for p. =0,...,k — 1 in steps of ke, Pe = pe : Ppe + ke — 1
B{Pcajc} _:'Bc
dy, = — B - w
for i =0,...,7 — 1 in steps of mi-. T = i- i + 112 — 1

4'4..(_?_,-_,.:._ -P,.::I _:" ..'4..,.:
d — _.'4.(: - db I:i: _.'4.{:' . BC‘ - db_:l
. AL
for - =0,....1mn: — 1 in steps of n,. - = j+r * jr + 12, — 1
ET{;:?;‘} — EE,_' - Bc{l:l - k.ﬂ: — 1, ..._lr;jil"::l

Ep — —UL

for ¢, =0,...,1me — 1 in steps of my. Ly = @5 2 20 + 9120 — 1
CelLy, Tr) = Ac(Z,0: ke — 1) - Bo(0: ke — 1, .74)
d(Z,) += Cc(Zr, Tr) - w(Tr)
ET'::\_?-T} —+= 'UT(IT} . GEEITJJ?"}
endfor
endfor
if (||[d]loc = T Alloc | Blloc) or (Jleg [loc = T Alloc | Blloc )
recompute macro-kernel
else
C(Ze, T)+ = Cc
endif
endfor
endfor
endfor

WAPCO 2015 Amsterdam
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= Right checksum: el =T C’C —pl. A B

for jo =0,...,n — 1 in steps of n.. J. = je @ Je + 12 — 1
for p. =0,...,k — 1 in steps of ke, Pe = pe : Ppe + ke — 1
B{Pcajcj _:'Bc
dy, = — B - w
for i =0,...,7 — 1 in steps of mi-. T = i- i + 112 — 1

4'4..(_?_,-_..:._ -P-l::l _:" ..'4....:
d — _.'4.(: - db I:i: _.'4.{:' . BC‘ - db_:l
. AL
for - =0,....,mn: — 1 in steps of n,. Jr = j+ * jr + 12~ — 1
ET{.‘_’};‘] — EE,_' - BC{D - .I.:C — 1_-_ ..._lr;jil"::l

Ep — —UL

for ¢, =0,...,1me — 1 in steps of my. Ly = @5 2 20 + 9120 — 1
CelLy, Tr) = Ac(Z,0: ke — 1) - Bo(0: ke — 1, .74)
d(Z,) += Cc(Zr, Tr) - w(Tr)
ET[\_?T'} —+= 'UT(I‘J"‘} . GE{IT;-L??"}
endfor
endfor
if (||[d]loc = T Alloc | Blloc) or (Jleg [loc = T Alloc | Blloc )
recompute macro-kernel
else
C(Ze, T)+ = Cc
endif
endfor
endfor
endfor

WAPCO 2015 Amsterdam
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- Detect and prevent error: Check ||d||, and |le”|

for - =0,...,n — 1 in steps of n.. J. = Je : Je + 12 — 1
for p. =0,...,k — 1 in steps of ke, Pe = pe : Ppe + ke — 1
B{Pcajc} _:'Bc
dy, = — B - w
for i =0,...,7 — 1 in steps of mi-. T = i- i + 112 — 1

4'4..(_?_,-_,.:._ -P,.::I _:" ..'4..,.:
d — _.'4.(: - db I:i: _.'4.{:' . BC‘ - db_:l
. AL
for - =0,....1mn: — 1 in steps of n,. - = j+r * jr + 12, — 1
ET{;:?;‘} — EE,_' - Bc{l:l - k.ﬂ: — 1, ..._lr;jil"::l

Ep — —UL

for ¢, =0,...,1me — 1 in steps of my. Ly = @5 2 20 + 9120 — 1
CelLy, Tr) = Ac(Z,0: ke — 1) - Bo(0: ke — 1, .74)
d(Z,) += Cc(Zr, Tr) - w(Tr)
ET'::\_?-T} —+= 'UT(IT} . GEEITJJ?"}
endfor
endfor
if (||[d]loc = T Alloc | Blloc) or (Jleg [loc = T Alloc | Blloc )
recompute macro-kernel
else
C(Ze, T)+ = Cc
endif
endfor
endfor
endfor

WAPCO 2015 Amsterdam
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« Intel Xeon E5-2680. BLIS (baseline) vs current FT-BLIS

25
20 -
15 -
w
S
e sm——=Baseline
[G]
s st Checksums
10 +
Current
5
D T T T 1T 1 LI
= 00 ™ W O = 0 ~ W O = 00 N W O = 0 ™ W O = 00 ™~NOWwWw O = 00 N W O < o0
W Oy w00 s M~ s O WM Oy W 00 w0 O M~ MmO WOy N 00 =
— — N M M st Wb o WO M~ M~ 20 0 g O O — M™~N ™~ oo st s o Ww O M~ M~ S0 O O O
™ = o " e o o o o e o e e o e e

3
I
5
T
3

WAPCO 2015 Amsterdam



\
FT/AC in GEMM H

UNIVERSITAT
JAUME-I
= Selective error correction
Detection at the macro-kernel level:
Am.n, + 5m k. + S5k.n, Oa(me, ne, k)
but correction can proceed at the micro-kernel level:
2m,n, k. Oc(m'ra Ty, kc)

Instead of

2menck Oc(mc, Ne, ]CC)

WAPCO 2015 Amsterdam
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« Easy to integrate FT and AC into the same
framework for BLIS

« Left and right checksums yield acceptable
overhead for high performance GEMM

= Much work to be done to turn it practical:
Multi-threaded GEMM
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